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Microcavity exciton-polaritons are interacting Bose particles which are
confined in a two-dimensional (2D) system suitable for studying coher-
ence properties in an inherently nonequilibrium condition. A primary
question of interest here is whether a true long-range order exists among
the 2D exciton-polaritons in a driven open system. We give an overview
of theoretical and experimental works concerning this question, and
we summarize the current understanding of coherence properties in the
context of Berezinskii-Kosterlitz-Thouless transition.

10.1 Introduction

Strange but striking phenomena, which are accessed by advanced experimental
techniques, become a fuel to stimulate both experimental and theoretical research.
Experimentalists concoct new tools for sophisticated measurements, and theorists
establish models in order to explain the surprising observation, ultimately expand-
ing our knowledge boundary. A classic example of the seed to the knowledge
expansion is the feature of abnormally high heat conductivity in liquid helium
reported by Kapitza and Allen’s group, who used cryogenic liquefaction techniques
in 1938 [1, 2]. It is a precursor to a “resistance-less flow” a new phase of matter,
coined as superfluidity in the He-II phase. Immediately after this discovery, London
conceived a brilliant insight between superfluidity and Bose-Einstein condensation
(BEC) of noninteracting ideal Bose gases [3], which has led to establish the concept
of coherence as off-diagonal long-range order emerging in the exotic states of
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matter. Since then, it is one of the core themes in equilibrium Bose systems to elu-
cidate the intimate link of superfluidity and BEC in natural and artificial materials,
where dimensionality and interaction play a crucial role in determining the system
phase.

Let us consider the noninteracting ideal Bose gases whose particle number N is
fixed in a three-dimensional box with a volume V. According to the Bose-Einstein
statistics, the average occupation number J; in the state i with energy ¢; is given by
N; = 1/(ef“=#) — 1) with the chemical potential i and a temperature parameter
1/B8 = kgT (Boltzmann constant kg and temperature 7). For the positive real
number of N;, u is restricted to be smaller than ¢;, and the ground-state particle
number Ny diverges as w approaches the lowest energy €. Its thermodynamic
phase transition refers to BEC, in which the macroscopic occupation in the ground
state is represented by the classical field operator W (r, 1) = /n (1, 1)e ™), where
n(r,t) is the particle density and ¢ (r,) is the phase. The critical temperature
T, is defined as a temperature at which particles are accumulated in the ground
state, while the number of particles in excited states would be finite [4, 5]. The
definite phase in the BEC manifests spontaneous spatial coherence by virtue of
spontaneous symmetry breaking in the system. The spatial coherence is quantified
by the first-order coherence function gV (ry, #1, T2, t2) at different spatial (r;, r») and
time (ty, ;) coordinates. By definition, we express the g\’ (r;, 1;, 13, ) function in
the normalized form in terms of W (r, 1):

(W7 (e, 1) W (r2, 1))
\/(‘1” ()W (e, 1)) (W7 (r2, ) W (12, 12))

gV (ri, i rat) = (10.1)

In equilibrium, the time dependence is suppressed in Eq. (10.1), and we apply the
particle distribution in momentum space n(k) via Fourier transform using ¥ (k) =
(27{?’2)‘% f dr\¥ (r) exp(ik - r)). Then, the numerator of Eq. (10.1) is reduced to a
simple formula, (W' (r;) ¥ (ry)) = V! [ dk (n(k)) exp(—ik- (r; —r3)). Below the
critical temperature, the momentum distribution n(k) = Npd(k) + >, %On(k) has
the dominant ground-state term, which reduces the integral in the numerator to be
Np. Consequently, the g'"-function converges to a constant value of Ny/N even at a
large distance limit, r = |r; — r;| — oo. This attribute is known to be off-diagonal
long-range order (ODLRO) arising from the constant condensate fraction.

In real systems, we should consider various sources of fluctuations, which popu-
late particles at excited states apart from the condensates. Furthermore, the particle
interaction and the system dimension are crucial to determine ODLRO. Theoret-
ically, Hohenberg, Mermin, and Wagner reached a conclusion that the true long-
range order is impossible in low-dimensional noninteracting Bose gases at finite
temperatures, which is known as the Hohenberg-Mermin-Wagner theorem [6, 7].
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- Namely, the spatial coherence in the large distance limit is zero in infinite 1D and
2D systems, where thermal fluctuations completely destroy the ODLRO. However,
Berezinskii, Kosterlitz, and Thouless in the early 1970s conjectured a topologi-
cal phase order which exhibits coherence and superfluidity in 2D systems [8, 9].
The Berezinskii-Kosterlitz-Thouless (BKT) theory is considered to be central for
identifying the relation of superfluidity in diverse materials systems. This chapter
is organized as follows: in Section 10.2, we review the fundamental physics of the
BKT phase and introduce major material systems to unveil the BKT phase. Sections
10.3 and 10.4 discuss both theoretical and experimental activities on the BKT phase
In microcavity exciton-polaritons under the nonequilibrium condition. We finish by
examining the current status of the BKT research efforts followed by prospective
remarks on proposed experimental schemes in order to reach the conclusive results.
A closely related theoretical discussion of the nature of the phase transition in 2D
polariton condensates is given in Chapter 11 by Keeling et al.

10.2 Berezinskii-Kosterlitz-Thouless Physics

At zero temperature, the perfect phase coherence exists in the free bosons as the
true ODLRO associated with BEC; however, at finite temperature, we pay attention
to several factors for identifying coherence properties: the system dimensionality,
the system size, and particle interaction. Given the focus of the chapter, we limit our
discussion to 2D, whose energy density of states is constant even at the zero energy.
Hence, in principle, BEC is impossible in a 2D uniform system with continuous
symmetry due to a large number of particles occupied in all the excited states. On
the other hand, the density of states in spatially confined systems can vanish for a
specific potential profile; consequently, BEC can be restored in a finite-sized 2D
system.

When we take the repulsive interaction among particles into account in 2D Bose
fluids, the story becomes profound. Berezinskii, Kosterlitz, and Thouless stud-
ied the 2D XY model for low-temperature ordered states in the infinite system,
which may apply to spin crystals and superfluid helium, superconducting materials,
and 2D atoms [8, 9]. The so-called quasicoherence in the BKT phase forms in
the infinite system for weakly interacting Bose fluids and the coherence nature of
weakly interacting Bose fluids in the finite-sized system are currently studied for
trapped atoms and microcavity exciton-polaritons. Recently, Hadzibabic’s group
managed to control the interaction strengths in a gas trapped in a harmonic poten-
tial. They confirmed the observation of the BKT phase in this 2D finite system
consisting of interacting Bose atoms [10]. Table 10.1 summarizes the system order
with respect to the system size and the particle interactions at nonzero temperature
in 2D.
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Table 10.1 Summary of 2D phases in terms of system size and
interaction at finite temperatures.

T#0 2D finite system 2D infinite system
Zero interaction ODLRO/BEC no ODLRO/no BEC
weak repulsive interaction BKT BKT

10.2.1 Quasi-Long-Range Order

Thermal fluctuations indeed disturb a well-defined phase of coherent particles,
and the degree of phase fluctuations becomes appreciable if the density fluctua-
tions are suppressed by the particle—particle interaction. Two major mechanisms
to control the spatial coherence are thermally excited phonons and topological
defects, “vortices” [11, 12]. Vortices have zero particle density at their core and
quantized angular momentum with a continuous phase rotation of 2wn around
the core. Singly charged vortices with n = 1 (for a vortex) and n = —1 (for
an antivortex) are primarily relevant in coherent condensates since multicharged
vortices with |n| > 1 will rapidly dissociate into several single-charged vortices.
Two forms of vortices exist in the condensates: free vortices or bound vortex—
antivortex pairs. Their influence over the system phase is dissimilar: whereas the
circulating phase of free vortices Kills the spatial coherence of the system where
free vortices flow around, the bound pairs of vortex—antivortex have no effect on
the phase as a result of the mutual cancellation between oppositely rotating phases.
Hence, such pairs do not alter the coherence over large distances.

From a thermodynamic point of view, a vortex—antivortex pair is energetically
favorable over a free vortex. Both a single free vortex and a vortex—antivortex pair
increase the entropy S by an amount approximately proportional to the logarithm
of the system size. However, while a free vortex also increases the energy E by an
amount proportional to the logarithm of the system size, a vortex—antivortex pair
gives a finite energy contribution which is independent of the system size. With
respect to the free energy F = E — TS in a large 2D condensate, the presence of
vortex—antivortex pairs is always advantageous, and free vortices exist only above
a critical temperature, Tggr [11]. The low-temperature state of a condensate, where
all vortices are paired up, is called the BKT phase [8, 9]. The only remaining
mechanism to contribute to a decay of the spatial coherence in the BKT phase
is the thermal excitation of phononic phase fluctuations, which leads to the decay
of the spatial coherence with a slow power law of the form:

gV (r 1,10, 0) o 1y —1p| ™, (10.2)
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where the exponent a, = (n,A7)~" depends only on the superfluid density n; and
the thermal wavelength Ly = h//2mmegksT [11].

We can derive the upper limit of a, in equilibrium by assuming a vortex with a
core radius & in the center of a superfluid with radius R and effective particle mass
megr. The energy E of a free vortex is calculated by integrating the local kinetic
energy of the superfluid flow as

[ meens (x) 202 keT (R
E_f72 (v(r))drﬁng)»;r2 ln(g),

and the entropy S of a vortex is proportional to the logarithm of the number of

positions as
P o W e
— n —_— = 1.
B £ B E

The overall free energy F of the vortex has a simple expression,

F=E—-TS= (;:@%—4)’£m (5).
2 5

If ngA2 < 4, F is negative since the rest terms are all positive, thus the BKT
threshold is determined by nsA7 = 4, which separates two phases drawn in
Fig. 10.1. The excitation of the first free vortices reduces ng [13], making the
creation of more free vortices even easier, and eventually superfluidity disap-
pears [11]. The BKT state with the bound vortex—antivortex pairs possesses
superfluidity, and a flowing condensate experiences friction through the excitation

(10.3)

(10.4)

(10.5)

i
et g
&S O
<O 1 27m kT
- h

Figure 10.1 Diagram of equilibrium BKT transition. At high superfluid density n
and low-temperature 7', spatial coherence appears over long distances where only
vortex—antivortex pairs exist. Decreasing ng or increasing T' causes the system to
cross the BKT threshold where the vortices unbind, which destroys the spatial
coherence.
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Table 10.2 Decay mechanisms of the coherence in 2D superfluids.

0 <T < Tkt T > Tkt

phonons vortex—antivortex pairs  free vortices
slow decay of coherence no decay of coherence  fast decay of coherence

quasi-long-range order no ODLRO

of quasiparticles (i.e., phonons) whose dispersion relation is a form of €eycitation =
V | Pexcitation|- The Landau criterion [14, 15, 16, 17] tells us that such excitations can
only be created if the condensate flows with a velocity above v. Decay mechanisms
of the coherence in 2D superfluids are summarized in Table 10.2.

Four representative physical systems are under the active investigation to search
the BKT phase both in experiments and theories, and Fig. 10.2 collects the captured
features of the BKT phases in their measurable parameters: liquid He, superconduc-
tors, photons, and cold atoms.

Liquid Helium

The first direct observation of the BKT state succeeded in liquid helium films by
Bishop and Reppy [18, 21]. In these experiments, thin *He films have been absorbed
on a substrate with a high-quality torsional oscillator. If the system is cooled below
the transition temperature, the oscillation period of the mechanical system increases
since the superfluid He decouples from the rest of the mechanical system. From
the period shift, superfluid density and dissipation are determined unambiguously.
Fig. 10.2a collects the experimental data in the superfluid jump along transition
temperatures, which agrees well with BKT theory.

Superconductors

Different from the previously discussed superfluids consisting of electric neutral
particles, the related concept of superfluidity in superconductors has been described
as the resistance-free flow of charged particles, in which the onset of resistance
corresponds to the movement of free phase vortices through the system [22]. Mea-
surements on aluminum films [19] confirmed the applicability of the BKT theory,
and the DC resistance is proportional to the number of free vortices shown in Fig.
10.2b. Superconductivity occurs below the transition temperature, and it has also
been suggested [23] that at low temperatures, the vortices and antivortices in a
superconductor form a 2D crystal structure, similar to ions in a standard crystal.
In this case, the system becomes resistive once the vortex—antivortex crystal starts
to melt.
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Figure 10.2 Experimental signatures of the BKT crossover captured in different
physical systems: (a) He-II phase; reprinted with permission from Bishop, D. J.,
and Reppy, J. D. (1978), Study of the superfluid transition in two-dimensional
“He films, Phys. Rev. Lett., 40, 1727 [18]. Copyright (1978) by the American
Physical Society. (b) Superconductors; reprinted with permission from Hebard, A.
E., and Fiory, A. T. (1980), Evidence for the Kosterlitz-Thouless transition in thin
superconducting aluminum films, Phys. Rev. Lett., 44, 291 [19]. Copyright (1980)
by the American Physical Society. (c) 2D photon lattices with Kerr nonlinearity;
reprinted with permission from Small, et al. (2011), Kosterlitz-Thouless crossover
in a photonic lattice. Phys. Rev. A, 83, 013806 [20]. Copyright (2011) by the
American Physical Society. (d) Trapped ultracold atoms; reprinted with permis-
sion from Hadzibabic, Z., et al. (2006), Berezinskii-Kosterlitz-Thouless crossover
in a trapped atomic gas, Nature 441, 1118 [12]. Copyright (2006) by the Nature
Publishing Group.

2D XY Magnetic Crystals

Despite the fact that it has been a great challenge to search the ideal material to
study the 2D XY model in nature, there have been tremendous efforts to grow
layered magnetic crystals, which would be suitable to explore the BKT phase tran-
sition in 2D [24]. The same 2D BKT physics applies to these materials such as
BaNi>(PO4);; namely, a long-range order induced by the vortex—antivortex pair
would exhibit signatures of diverging magnetic susceptibility and a broad peak in
the magnetic specific heat. Recently, there is a report by Putsch et al. that similar
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signatures in magnetic properties are observed in a Cu-based spin-dimer crystal,
C36H4sCuyFsNgO12S, induced by a magnetic field [25].

Photonic Systems

The BKT crossover has been also addressed in a 2D nonlinear photonic medium.
Since the nonlinear Schrédinger equation to describe the nonlinear photonics sys-
tem is mathematically equivalent to the 2D spin XY model, we can engineer 2D
photonic lattices to create the optical analog BKT phase transition and to observe
the associated unbinding of vortices. Such lattices can be realized as a nonlinear
2D waveguide array, where the effective temperature is controlled by the initial
randomness. Simulations confirmed the proliferation of free vortices above the
transition temperature [20]. Experimental work was reported in a nonlinear optical
system comprising light traveling through a nonlinear crystal, with the observation
of the creation of free vortices above a critical temperature [26].

Atomic Bose Gases

Interference measurements between 2D gases of ultracold atoms demonstrated
quasicoherence at low temperatures. The temperature rise induces a loss of the
coherence, which is accompanied by the appearance of vortices identified in the
interference patterns, confirming the predictions of the BKT theory [12]. These
measurements used a strongly interacting Bose gas. Weakly interacting Bose gases
start with the normal state and first go through a transition into an intermediate
state which exhibits quasi-long-range order without superfluidity before finally
undergoing a second transition into the BKT state with superfluidity and a quasi-
long-range order [27].

The superfluidity of a 2D atomic BKT condensate has clearly been demonstrated
by stirring such a condensate with a laser beam which behaves like a solid obstacle
due to repulsive interaction [28, 29]. Finally, the bound vortex—antivortex pairs in
an atomic 2D BKT gas have been observed by measuring the shadow which the
condensate casts when illuminated with light at the resonance frequency of the
atoms [30]. The exponent values of the power-law decay are plotted against the
average interference contrast, reaching 1/4, the theoretical value in equilibrium
BKT physics (Fig. 10.2d). Related concepts of scale invariance in 2D atomic gases
are discussed in Chapter 9 by Chin.

10.2.2 BKT Physics in Exciton-Polariton Systems

Besides the aforementioned platforms, microcavity exciton-polaritons (reviewed in
Chapter 4 by Littlewood and Edelman) are primary quasiparticles in the strongly
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coupled photon and quantum-well (QW) exciton systems, which are regarded
as quantum fluids. In low-density limit, they are composite bosons governed
by Bose-Einstein statistics. Since the discovery in the monolithically grown
semiconductor microcavity-QW structure [31], condensation and its coherence
character have been studied using inorganic and organic semiconductors for the
last two decades [32, 33]. Inherited from underlying entities, photons and excitons,
the resulting exciton-polaritons are short-lived due to the extremely short photon
lifetime, and they are scattered by repulsive Coulomb exchange interaction among
fermions. Their effective mass is on the order of 10~ electron mass, and they
can dwell on the order of 1-100 ps inside the cavity. Hence, it is inevitable to
refill exciton-polaritons, which naturally leak through the cavity as the open-
dissipative system. This very nature of the 2D confinement in a planar QW-
microcavity and the open-dissipativeness adds a rich context to explore the BKT
physics in microcavity exciton-polaritons. Both theorists and experimentalists
have been actively scrutinizing the search of steady-state coherent states and
superfluidity.

10.3 Theoretical Studies of Exciton-Polaritons

Appreciating the nonequilibrium character of exciton-polaritons, theorists have
addressed a series of fundamental questions: the existence of steady-state spon-
taneous condensation by repeated pump-decay processes, distinct signatures of
nonequilibrium condensation compared with the equilibrium case, and the effect
of fluctuations, which lead to the computation of spatial correlations in the context
of BKT physics. Szymanska et al. set a Hamiltonian to describe a system, a
bath and the system-bath interaction including pump and decay terms. The self-
consistent solution for steady-state spontaneous condensation emerges even in the
nonequilibrium condition. The excitation spectra induced by the diffusive phase
mode are calculated as shown in Fig. 10.3a; the different correlations, decay
would be expected from the diffusive phase mode [38]. The authors presented the
extensive follow-up work in the mean-field theory to construct the phase map [34]
(see also Chapter 4).

Discussed in the introduction, the spatial coherence is enumerated by the first-
order correlation function. The principal mechanisms to affect the coherence
property yield the different asymptotic behavior of the first-order correlation
function in the long-distance limit. Thus, the long-distance decay will be a clue
to identifying the prevailing mechanism. Tsyplyatyev and Whittaker computed
the shape of the first-order coherence function in 1D depending on the known
mechanisms [39]. Following the standard procedure, the authors found that gV (x)
has a Gaussian form for nonzero momentum distributions in a trap, whereas
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Figure 10.3 (a) Theoretically computed excitation spectra of exciton-polaritons.
Reprinted with permission from Szymanska, M. H., et al. (2007), Mean-field
theory and fluctuation spectrum of a pumped decaying Bose-Fermi system
across the quantum condensation transition, Phys. Rev. B, 75, 195331 [34].
Copyright (2007) by the American Physical Society. (b) Experimentally measured
Bogoliubov linear spectra from a trapped polariton. Reprinted with permission
from Utsunomiya, S., et al. (2008), Observation of Bogoliubov excitations in
exciton-polariton condensates, Nat. Phys., 4, 700 [35]. Copyright (2008) by the
Nature Publishing Group. (c) Interferograms of a pinned vortex in a CdTe-
polariton system. Reprinted with permission from Lagoudakis, K. G., et al. (2008),
Quantized vortices in an exciton-polariton condensate, Nat. Phys., 4, 706 [36].
Copyright (2008) by the Nature Publishing Group. (d) The extracted phase map
of the vortex—antivortex pair in a GaAs-microcavity sample. Reprinted with
permission from Roumpos, G., et al. (2011), Single vortex-antivortex pair in an
exciton-polariton condensate, Nat. Phys., 7, 129 [37]. Copyright (2011) by the
Nature Publishing Group.

gV (x) decays exponentially both for localization and polariton-interaction with the
coherence length.

There are also several recent theoretical papers which target 2D superfluidity
with the emphasis of nonequilibrium nature in exciton-polariton condensates
[40, 41, 42]. Altman et al. inquired if effective equilibrium ODLRO emerges in
driven 2D isotropic Bose systems or not. By mapping a nonequilibrium condensate
system to an effective equilibrium system, the authors concluded that algebraic
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